Abstract. A problem posed by Wolmer V. Vasconcelos [33] on the variation of the first Hilbert coefficients of parameter ideals with a common integral closure in a local ring is studied. Affirmative answers are given and counterexamples are explored as well.
Introduction
The purpose of this paper is to study a problem posed by the last author [33] holds true for all integers n ≫ 0, which we call the Hilbert coefficients of M with respect to I. The leading coefficient e 0 I (M) is called the multiplicity of M with respect to I and plays a very important role in the analysis of singularity in M. In this paper we that is an ideal generated by a system of parameters in A. Let a denote, for an ideal a in A, the integral closure of a.
With this notation the last author [33] proved that for every m-primary ideal I in A the set Λ(I) = {e 1 Q (A) | Q is a parameter ideal in A and Q = I} is f inite. Added to it, he raised the following, which is the main target of the present research.
Problem 1.1 ([33]). Is ♯Λ(I) = 1 for every m-primary ideal I in A?
This problem has led the authors to the researches [5, 6, 17, 18, 19] Among many results they proved that A is a generalized Cohen-Macaulay (resp. Buchsbaum) ring if and only if Λ 1 (A) is a finite set (resp. ♯Λ 1 (A) = 1), provided A is unmixed, that is dim A/p = d for every p ∈ Ass A, where A denotes the m-adic completion of A.
We now come back to the starting point, that is Problem 1.1, of our researches and are going to settle it.
Let us now state our main results, explaining how this paper is organized.
Because the value e (here t denotes an indeterminate over A), which we call the Rees algebra and the associated graded ring of Q respectively. In Section 4 we shall study some affirmative cases for Problem 1.1. In particular, we will prove the following, exploring an example satisfying condition (♯) addressed in it. Theorem 1.2. Assume that the residue class field A/m of A is infinite. Let I be an mprimary ideal in A and assume that (♯) for every minimal reduction Q of I the scheme Proj R(Q) is locally Cohen-Macaulay. Then e 1 Q (A) is constant and independent of the choice of minimal reductions Q of I.
In Section 5 we shall study the case where the answer is negative. To state the result, let us briefly recall the notion of Buchsbaum ring and that of generalized CohenMacaulay ring. We say that A is a Buchsbaum ring, if the difference ℓ A (A/Q) − e 0 Q (A) is constant and independent of the choice of parameter ideals Q in A ( [29] ). We say that A is a generalized Cohen-Macaulay ring if For a moment, suppose that A is a generalized Cohen-Macaulay ring and let Q = (a 1 , a 2 , . . . , a d ) be a parameter ideal in A. Then we say that Q is standard if
This condition is equivalent to saying that the system a 1 , a 2 , . . . , a d of generators of Q forms a strong d-sequence in A in any order ( [27] ), that is for all integers n 1 , n 2 , . . . , n d > 0, a n 1 1 , a n 2 2 , . . . , a n d d forms a d-sequence in A in any order (see [20] for the notion of dsequence). We say that an m-primary ideal I in A is standard, if every parameter ideal Q contained in I is standard. Since every standard parameter ideal Q is standard also 
In Section 5 we will explore concrete examples of the ideals Q satisfying the conditions required in Theorem 1.3. For the purpose we have to compute e In this section we assume that dim A = 2 and that A is a homomorphic image of a Gorenstein ring, say A = R/a with R a Gorenstein local ring and a an ideal in it.
We assume that A is unmixed. Hence H 1 m (A) is a finitely generated A-module ([5, Proposition 2.2 (1)]). Let Q = (a, b) be a parameter ideal in A. Then, thanks to a lemma of Davis [21, Theorem 124], we get a regular sequence x, y in R so that a = x mod a and b = y mod a.
We put q = (x, y)R; hence Q = qA. Let B = Hom A (K A , K A ) be the endomorphism ring of the canonical module K A (hence B is the Cohen-Macaulayfication of A in the sense of [2] ) and look at the exact sequence
of A-modules, where ϕ(α) is defined, for each α ∈ A, to be the homothety of α. Then, since depth A K A = 2, B is a Cohen-Macaulay A-module with dim A B = 2 and we get Then the ideal q n+1 is generated by the maximal minors of the matrix M and, thanks to the theorem of Hilbert-Burch ([21, Exercises 8, p. 148]), the R-module R/q n+1 has a minimal free resolution of the form
in which the homomorphism ∂ is defined by
for all 1 ≤ j ≤ n + 2, where M j denotes the matrix obtained by deleting from M the j-th column and {e j } 1≤j≤n+2 denotes the standard basis of R n+2 . Consequently, for each R-module X Tor R j (R/q n+1 , X) is computed as the j-th homology module of the complex
Setting X = B, we therefore have Tor
, since the ideal q = (x, y)R is generated by a B-regular sequence of length 2, so that exact sequence (E) gives rise to the following exact sequence
for all n ≥ 0. On the other hand, since the alternating sum of the length of homology modules of the complex
Hence by equation (1) we have for all n ≥ 0 that for all n ≥ 0. Notice that
where α −1 = α n+1 = 0 for convention.
Summarizing these observations, we get the following.
for each n ≥ 0. Then the following assertions hold true.
( Proof. See equation (2) for assertion (1) . We have
by assertion (1), from which assertion (3) follows, because ℓ A ((0) :
Assertion (4) is now clear.
We explore two examples in order to show how we use Proposition 2.1. Let We begin with the following. 
of local cohomology modules, from which we get We look at the local ring
where ℓ ≥ 1 is an integer. Then A is a 2-dimensional generalized Cohen-Macaulay ring with depth A = 1 and we have the following.
(1) Let a, b be a system of parameters in A. Then a, b or b, a forms a d-sequence in A. Hence every parameter ideal in A is generated by a d-sequence of length 2.
Proof. Let m denote the maximal ideal in A and let x, y, z, w be the images of X, Y, Z, W in A respectively; hence m = (x, y, z, w). Thanks to the exact sequence
of A-modules, we have dim A = 2, depth A = 1, and
Hence A is a generalized Cohen-Macaulay ring. We put 
denote the order of the image b of b in C with respect to m C . Then 0 < n < ℓ and Suppose now that aC = (0) and bC = (0). We may assume that
We also have
Lastly, let 0 < n < ℓ be integers and look at the system a = x ℓ − z, b = y n − w of parameters in A. Then aC = (0), bC = (0), and v m C (b) = n, which shows
In the forthcoming paper [7] we need the following. Let us note an outline of computation.
Example 2.4. Let ℓ ≥ 1 be an integer and let R = k[[X, Y, Z, W ]] be the formal power series ring over a field k. We look at the local ring
Then A is a 2-dimensional generalized Cohen-Macaulay local ring with depth A = 1.
Hence e
) and let n ≥ ℓ + 1 be an integer. We look at the graded C-module
where x, y be the images of X, Y in C. Let T n,q (q ∈ Z) denote the homogeneous component of degree q in the graded module T n . Then
and let {c i } 0≤i≤n+1 be a family of elements in
T n,q and T n,q consists of all those elements which satisfy above condition
by Proposition 2.1 (1), which completes the computation, because e
3. The structure of local rings of dimension 2 possessing e 1 Q (A) = −1 for some parameter ideal Q The condition that e 1 Q (A) = −1 for some parameter ideal Q is a rather strong restriction. In this section we shall study the structure of two-dimensional local rings A which contain such parameter ideals. Recall that the value e Our result is the following. 
Then, if condition (2) is satisfied, condition (1) is also satisfied and e 1 q (A) = −1 for every minimal reduction q of m. When A is m-adically complete, conditions (1) and (2) are equivalent to each other.
We divide the proof of Theorem 3.1 into two parts.
Firstly, let us prove the implication (2) ⇒ (1) in Theorem 3.1. So, let R be an arbitrary regular local ring of dimension 4 and let X, Y, Z, W be a regular system of parameters in R. Let F = X n + ξ with ξ ∈ (Z, W ) and n ≥ 1 an integer. Then
and let m be the maximal ideal in A. We denote by f , x, y, z, w the images of F , X, Y , Z, W in A respectively. Then, thanks to the exact sequence
we get depth A = 1 and H 1 m (A) ∼ = A/(x n , y, z, w). Hence A is a generalized CohenMacaulay ring and
is the Cohen-Macaulayfication of A ([2, Theorem 1.6]). We put c = (x n , y, z, w). Therefore A/c ∼ = H 1 m (A) and ℓ A (A/c) = n. For a moment, let a 1 = f − z and a 2 = y − w. We look at the parameter ideal
Consequently, Theorem 1.1 in the forthcoming paper [13] shows the following, which we will refer to in [13] also. Proposition 3.2. The Rees algebra R(Q 2 ) of Q 2 is a Gorenstein ring.
In order to complete the proof of the implication (2) ⇒ (1), we are now in a position to prove the following, which gives an affirmative answer to Problem 1.1 with q = m in the present setting. qA is a reduction of the maximal ideal mA in the two-dimensional regular local ring A, we get qA = mA, so that q + (z, w) = m; hence m = q + c. Without loss of generality we
Since a is A-regular and superficial for A with respect to q, we have by [14, Lemma 2.4
: C a which follows from the long exact sequence
whence F = X n with an integer n ≥ 1. Let 1 ≤ ℓ ≤ n be an integer and put a = x ℓ − z,
. Then Q is a parameter ideal in A and bC = (0). Therefore by Proposition 2.1 (3) we get and n = ℓ A (A/c). On the other hand, because
we find some element η ∈ a 1 so that x n − η ∈ (y, z, w). Let
with α, β, γ ∈ A. We then have x n − f ∈ (z, w) where f = η + αy. Hence a 1 = (f, y),
We now choose a 4-dimensional complete regular local ring R with maximal ideal n and a surjective homomorphism 
because A/(z, w) is a two-dimensional regular local ring; hence K = Ker φ ⊆ (Z, W ).
a system of parameters in R. We look at the canonical exact sequence
Then, because z, w forms a regular sequence in the two-dimensional Cohen-Macaulay ring A/a 1 = A/(f, y), from exact sequence (E 2 ) we get the exact sequence
in which the homomorphism ε has to be an isomorphism, because
with F = X n + ξ for some ξ ∈ (Z, W ). This proves the implication (1) ⇒ (2) in Theorem 3.1 under the assumption that A is m-adically complete.
Affirmative cases
Let A be a Noetherian local ring with maximal ideal m and d = dim A > 0. In this section we study Problem 1.1 of whether e 1 Q (A) is independent of the choice of minimal reductions Q of I, where I is an m-primary ideal in A.
Let us begin with the following. 
for n ≫ 0. We then have
Let M be a finitely generated A-module. We say that M is a sequentially CohenMacaulay A-module, if M possesses a Cohen-Macaulay filtration, that is a filtration
Cohen-Macaulay A-module for all 1 ≤ i ≤ ℓ ( [4, 12, 26, 28] ).
When M is a sequentially Cohen-Macaulay A-module, applying Proposition 4.1, we readily get the following. We now come to the main result of this section. To prove Theorem 4.4 we need the following. See [11] for the equivalence of the four conditions and also for the former part of the last assertion.
Proposition 4.5 ([11]
). Let A be a Noetherian local ring with maximal ideal m and d = dim A > 0. Let Q be a parameter ideal in A. We put R = R(Q) and G = gr Q (A).
Let M = mR + R + denote the unique graded maximal ideal in R. Then the following four conditions are equivalent.
(1) Proj R is a locally Cohen-Macaulay scheme.
(2) Proj G is a locally Cohen-Macaulay scheme. a 1 , a 2 , . . . , a d−1 , a d ) , a 1 , a 2 , . . . , a d−1 , x) ,
we may assume without loss of generality that a = a 1 = b 1 .
We put B = A/(a) and J = I/(a). Then both QB and Q ′ B are reductions of J.
Because a is superficial for A with respect to both the ideals Q and Q ′ by Proposition 4.5, we get Then, because J n+1 = qJ n for all n ≫ 0, we have I n+1 ⊆ QI n + (a), so that
for all n ≫ 0. Therefore, since
for all n ≫ 0, so that Q is a reduction of I. We now notice that by Proposition 4.5 c 1 is a superficial element for A with respect to Q, because the scheme Proj R(Q) is locally Cohen-Macaulay. Therefore, the kernel of the canonical epimorphism 
A negative case and counterexamples
In this section we study a negative case and give counterexamples.
Let us begin with the following.
Theorem 5.1. Suppose that A is a generalized Cohen-Macaulay ring with d = dim A ≥ 2, depthA ≥ 1, and infinite residue class field. Let Q be a standard parameter ideal in A and put I = Q. If I is not standard, then there exists at least one minimal reduction
where
Proof. We have e
, since Q is a standard parameter ideal in A. Let ℓ = µ A (I) and write I = (x 1 , x 2 , . . . , x ℓ ) so that every
by [ Main examples 5.2. Let d, n ≥ 2 be integers and look at the local ring
where Hence Q = c is not standard by [31, Corollary 3.7] . Thus Theorem 5.1 guarantees there exists at least one minimal reduction Q ′ of Q such that
provided the field k is infinite.
We precisely explore the case where d = 2. Let I be an m-primary ideal in A and suppose that Q is a reduction of I. We put
and call it the Sally module of I with respect to Q ( [32] ). Sally modules play a very important role in the analysis of ideals I with interaction to their reductions Q (see, e.g., [15, 16, 18] ), as we will also see in the following. 
where m denotes the maximal ideal of A and x, y, z, and w denote the images of X, Y, Z, and W in A respectively. We put Q = (x n −z, y n −w) and Q ′ = (xy n−1 −z, x n +y n −w).
Then we have the following, where c = (x n , y n , z, w).
for all integers ℓ ≥ 0.
(5) The element x n + y n − w is not superficial for A with respect to Q ′ , so that the scheme Proj R(Q ′ ) is not locally Cohen-Macaulay.
(6) Let S = S Q (I) (resp. S ′ = S Q ′ (I)) denote the Sally module of I = Q = Q ′ with respect to Q (resp. Q ′ ) and let T = R(Q) (resp. T ′ = R(Q ′ )) be the Rees algebra of Q (resp. Q ′ ). Let p = mT and p ′ = mT ′ . Then
Proof. Recall that Q = c, since c 2 = Qc. We have m n + (z, w) = m n + (z, w), since the ideal m n A is integrally closed in the regular local ring A = A/(z, w). Therefore
Hence c = c and Q ′ ⊆ c, because
and p 2 = (z, w). Then Ass A = {p 1 , p 2 } and, thanks to the associative formula of multiplicity, we get the equality 
By Proposition 2.1 (1) we also have for all integers ℓ ≥ 0
Similarly, by Proposition 2.1 (4) we have
because QC = (0), so that by Proposition 2.1 (1)
If x n + y n − w were superficial for A with respect to Q ′ , by [14, Lemma 2.4 (1)] we must have that
since x n +y n −w is A-regular. This is impossible, since e Let us check that ℓ A (A/(x n , y n , z, w, a)) = n. We write a = αx + βy with α, β ∈ A. We may assume that α is a unit of A, because a ∈ m 2 + (z, w). Therefore
Hence e 1 q (A) = −n as claimed.
Before closing this section, let us note the following, which shows a strange phenomenon that the rank of Sally modules depends on the choice of minimal reductions.
Example 5.5. Suppose that n = 2 in Example 5.3 and put I = m 2 + (z, w). Let Q and Q ′ be the same as in Example 5.3, whence I = Q = Q ′ . We denote by S = S Q (I) (resp. S ′ = S Q ′ (I)) the Sally module of I with respect to Q (resp.
where t is an indeterminate over A. We put B = T /mT and B ′ = T ′ /mT ′ . We then have the following.
(1) S ∼ = B + as graded T -modules.
Therefore rank B S = 1 but rank B ′ S ′ = 0.
Proof.
(1) Let a = x 2 − z and b = y 2 − w. It is standard to check that for all n ≥ 1.
(2) This time, we have
Notice that S ′ = (0), since xyz ∈ Q ′ . Let a ′ = z − xy and b
I, so that we get an epimorphism
where xyzt denotes the image of xyzt in
We want to show that ϕ ′ is an isomorphism. Let f denote, for each f ∈ T ′ , the image
Ker ϕ ′ is non-zero for some integer n. Choose such an integer n as small as possible.
Then n ≥ 2, since S ′ = (0) and
We write a ′ n−1 (xyz) = a ′ i + b ′ n j with i ∈ Q ′ n−1 I and j ∈ I. We then have 
